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In investigating longitudinal [1-4] and transverse [5] mixing in a 

granular bed described by a cellular model it has so far been assumed 

that all the cells are identical, while the parameters of the distribu- 

tion function of the residence time in the individual cell (henceforth 

called the microdistribution) are strictly fixed. In an actual granular 

bed with irregular packing the identical cell condition is obviously 

not satisfied and the microdistribntion parameters may be regarded as 

random quantities. This paper is concerned with an investigation of 

the effect of the spread of microdis~ibution parameters on the char- 

acteristics of the process of longitudinal and transverse transport of a 

neutral fluid in a granular bed. 

While retaining the general structure of the cellular model [5], we 

assume that the gas or liquid passing through the bed flows from the 

cells on one horizontal level into the cells on the next level down- 

stream, its motion in the transverse direction being random. Obviously, 

a particle of the fluid passing through the granular bed can then oc- 

cupy one cell on each horizontal level. Dropping the identical cell 

condition, we assume that the bed is homogeneous and that the pa- 

rameters of the cells successively occupied by a fluid particle are 

statistically independent. This assumption means that cells with dif- 

ferent values of the parameters have been ~well mixed," so that inside 

the bed there are no fluctuations significantly exceeding the cell di- 

mension in extent. 

Let the m i c r o d i s t r i b u t i o n  fune t ionf ( t I s )  and the 
co r r e spond ing  c h a r a c t e r i s t i c  funct ion 

g (p [ s) = S e-pt/(t [ s) dt 
o 

(0.1) 

depend on the r andom vec tor  s .  The components  of this 
this vec to r  a r e  the d i f ferent  m i c r o d i s t r i b u t i o n  p a r a -  
m e t e r s  which va ry  r andomly  f rom cel l  to cel l .  In the 
s i m p l e s t  case  of ideal  mixing  there  is only one such 
p a r a m e t e r - - t h e  mean  r e s i d e n c e  t ime  in the ce l l  s = 
= V/v, where  V is the volume of the cel l  and v the vol-  
ume r a t e  of flow through it, We will  c h a r a c t e r i z e  the 
d i s t r i bu t ion  of the r andom vec tor  s by the d i s t r ibu t ion  
funct ion ~(s) which d e t e r m i n e s  the p robabi l i ty  of a fluid 
pa r t i c l e  en t e r i ng  a ce l l  with given value of the vec to r  s .  
We wil l  cal l  the funct ion ~0 (s) the p a r a m e t r i c  d i s t r i -  
but ion.  Another  pos s ib l e  c h a r a c t e r i s t i c  of the d i s t r i -  
but ion  of the vec to r  s is  the funct ion ~ (s) which de-  
t e r m i n e s  the p robab i l i t y  of f inding a given value of the 
vec to r  s in a cel l  se lec ted  f rom the bed at r andom.  
The f i r s t  c h a r a c t e r i s t i c  is m o r e  convenient  for  our  
pu rpose s ,  s ince  it is  d i r ec t ly  r e l a t ed  with the mot ion  
of the flow and is  in some sense  dynamic ,  as d i s t inc t  
f rom the second c h a r a c t e r i s t i c  which is  s ta t ic .  The 
two d i s t r i b u t i o n  funct ions  a r e  r e l a t ed  by the e x p r e s -  
s ion 

(vs> S q~(s)=-y~o * ( ) ,  r  v~.~s -1, (0.2) 

where  /Vs)  is the mean  volume flow r a t e  in ce l l s  with 
a given value of the vec tor  s, v 0 is the mean  volume flow 

ra te  in all  the ce l l s ,  and s o is the value of the m e a n  
cel l  r e s i d e n c e  t ime  s averaged  over  all  the cel ls .  The 
second of equat ions  (0.2) is obtained in the specia l  case  of 
ideal  mix ing  on the a s sumpt ion  that the volume of the 
cel l  and the volume ra te  of flow through it  a r e  noncor -  
r e l a t ed .  In accordance  with (0.2), the probabi l i ty  of a 
fluid pa r t i c l e  en te r ing  ce l l s  with sma l l  mean  r e s i d e n c e  
t imes  wil l  be much g r e a t e r  than the f rac t ion  of such 
ce l l s  in the bed. The opposite will hold t rue  for cel ls  
with l a rge  values  of s.  

1. Longi tudinal  t r a n s p o r t .  We will  f i r s t  cons ide r  the 
p r o c e s s  of longi tudinal  t r a n s p o r t  of a n e u t r a l  fluid. Let 
the s u b s c r i p t  k indica te  the n u m b e r  of the hor izonta l  
p lane along the d i r ec t ion  of motion of the flow. It  is r e -  
qu i red  to d e t e r m i n e  the p robabi l i ty  of a fluid pa r t i c l e  
en t e r i ng  one of the cel ls  in the plane k = 0, leaving any 
ce l l  in the plane k = n af ter  t ime t. We will  cal l  the 
c o r r e spond i ng  probabi l i ty  dens i ty  the m a c r o d i s t r i b u -  
tion and denote i t  by Fn(t) .  The mos t  impor t an t  cha r -  
a c t e r i s t i c s  of the m a c r o d i s t r i b u t i o n  f rom our s tand-  
point  a r e  i ts  v a r i a n c e  and the coeff ic ient  of skewness ,  
which c h a r a c t e r i z e s  the devia t ion of the m a c r o d i s t r i -  
but ion f rqm the n o r m a l  law. These  quant i t ies  a re  
mos t  eas i ly  found s t a r t i ng  f rom the c h a r a c t e r i s t i c  
m a c r o d i s t r i b u t i o n  funct ion Gn(p) which is r e l a t ed  to 
Fn(t) by an exp re s s ion  analogous to (0.1). 

We will  cons ide r  some random f lu id -pa r t i c l e  t r a -  
j ec to ry  pass ing  through ce l l s  with va lues  s k (k = 1, 2 , . . .  
. . . .  n) of the r a n d o m  vector  s. The r e s i d e n c e - t i m e  
d i s t r i bu t i on  funct ion co r r e spond ing  to this t r a j e c t o r y  
is d e t e r m i n e d  in the same  way as for a o n e - d i m e n -  
s iona l  chain of ce i l s .  Since the r e s i d e n c e  t imes  in suc -  
ce s s ive  cel ls  a re  mutua l ly  independent ,  the c h a r a c t e r -  
i s t ic  funct ion for the given t r a j e c t o r y  has the form 

n 

G . ( p l s l ,  s= . . . . .  sn) : ~ g(pls~) .  (1.1) 
k ~ l  

In order to find the characteristic maerodistribution 

function, it is sufficient to perform summation over 

all the trajectories: 

(G~(p ) )=  f . . . f q ~ ( S l , . . , s ~ )  i [  g(pls~)ds~'' (1.2) 

where the integration is performed over the entire re- 

gion of variation of the vector s. Strictly speaking, 

(Gn(P)), thus defined, should be regarded as the char- 
acteristic macrodistribution function averaged over the 
ensemble of realizations of the granular bed. However, 
if the number of cells in the bed is sufficiently large, 
this function will be almost the same for all realiza- 
tions. 

In accordance with our assumption concerning the 
statistical independence of the parameters of succes- 
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s ive  occupied cel ls ,  

q~ (s, . . . . .  s~) = I~  ~ (s~:), 

(1.3) 

where  the angle b r a c k e t s  denote  ave rag ing  with r e -  
spec t  to the p a r a m e t r i c  d i s t r i bu t ion .  We will cons ide r  
the following bas ic  c h a r a c t e r i s t i c s  of the m a c r o d i s -  
t r ibu t ion :  the mean  dwell  t ime in the bed, va r i a nc e ,  
the th i rd  c e n t r a l  moment ,  and the coef f ic ien t  of 
skewness  Sk n, c h a r a c t e r i z i n g  the devia t ion of the m a c -  
r o d i s t r i b u t i o n  f rom the n o r m a l  law. The f i r s t  th ree  
quant i t i es  coincide  with the s e m i i n v a r i a n t s  of the 
m a c r o d i s t r i b u t i o n  Uj (j = 1, 2, 3), while the l a s t  is 
equal  to ~3, ~x-~/z. Using the f o r m u l a  for  the s e m i -  
i n v a r i a n t s  of a r a n d o m  quant i ty  

�9 d i 
X'n = (--  f)~ [-'~p~ ln <Gn (P)>lg_.o ~ 

=(- - l )~n[~ln<g(pls )>]w__ ~ (1.4) 

and the fo rmula  for  the m o m e n t s  of the c h a r a c t e r i s t i c  
m i c r o d i s t r i b u t i o n  funct ion 

we find 

a j ( s )  =- ( - - t )  j [ d ig (p l s )  
[--77 (1.5) 

x~n : - - n  In <g p ls)) v---~ 

x2n = n [<c% (s)} - -  (al (s))~l, 

• = n [<:% (s)> - -  3 <a~ (s)) <czl (s)> + 2 <al (s)33], 

Sk,~ = ~ <a3> --  3 <a~> <aO + 2 <~,p 
u  (<a~> - -  <a~)~)'!' 

(1.6) 

Thus,  the m a c r o d i s t r i b u t i o n  c h a r a c t e r i s t i c s  a r e  
r e l a t ed  with the mean  momen t s  of the m i e r o d i s t r i b u -  
t ion. 

We will  cons ide r  the specif ic  case  of ideal  mixing .  
In  this case  there  is  only one r andom p a r a m e t e r - - t h e  
mean  r e s i d e n c e  t ime s.  Then  

g ( p ] s ) = ( t + p s )  -I, c q = s ,  a~.=2s ~, a 3 : 6 s  ~- (1.7) 

Subst i tu t ing  (1.7) into (1.6), we find 

0 

• -=- n (2 (s2> - -  <s> 2) -~ n (2v~ --F so ~) = nso ~ (1 -b, 2~'), 

• = 2n (3va + 6v~so + so3), 

2 So s+6s0v2+3v~ 2 1+6T+3~7 % 

co 

T=v.-so -z, z=vzv~-%, vj= f (s - -  s~ (s) ds' (1.8) 
0 

where  v i is the j - t h  cen t r a l  m o m e n t  of the p a r a m e t r i c  

d i s t r ibu t ion ,  while 3/and G a re  the v a r i a n c e  and coef- 
f ic ient  of skewness  of that d i s t r ibu t ion ,  r e spec t i ve ly .  

In  a s y s t e m  of iden t ica l  cei ls  the v a r i a n c e  of the 
m a c r o d i s t r i b u t i o n  is  equal  to ns~.  It  is c l e a r  f rom (1.8) 
that the i n c r e a s e  in the v a r i a n c e  of the m a c r o d i s t r i b u -  
t ion owing to the nonun i fo rmi ty  of the ce i l s  is p ropo r -  
t ional  to the v a r i a n c e  of the p a r a m e t r i c  d i s t r ibu t ion  
P2" Upon inves t iga t ing  the e x p r e s s i o n  for the coeffi-  
c ient  of skewness  of the m a c r o d i s t r i b u t i o n  in (1.8), 
we quickly note that in the two l im i t i ng  e a se s  this for -  
mu la  admi ts  s impl i f i ca t ions :  

2 Sk~ = ~ (I + 3 T ~ )  when  ~ ~ t, 

3~ Sk~ = ~ , ~  when ~ >> i .  (1.9) 

Let  m be a n u m b e r  of ce l l s  along the length of the 
bed such that Sk m = 1. Obviously,  if the n u m b e r  of 
ce l l s  along the length of the bed c o n s i d e r a b l y  exceeds 
m, the m a e r o d i s t r i b u t i o n  wil l  be c lose  to n o r m a l .  
Equat ions  (1.9) make i t  poss ib le  to exp res s  the n u m -  
ber  m in t e r m s  of the c h a r a c t e r i s t i c s  of the p a r a m e t -  
r i c  d i s t r i bu t ion .  It  is c l e a r  f rom (1.9) that the n u m b e r  
m can be l a rge  as compared  with uni ty  only if the pa-  
r a m e t r i c  d i s t r ibu t ion  is  s t rong ly  a s y m m e t r i c a l .  In 
this case  pos i t ive  skewness  of the p a r a m e t r i c  d i s t r i -  
but ion c o r r e spond i ng  to the p r e s e n c e  in the bed of a 
cons ide rab l e  n u m b e r  of ce l l s  with v e r y  l a rge  mean  
r e s i d e n c e  t imes  (i. e . ,  a l m o s t  s tagnant)  leads to pos i -  
tive skewness  of the m a c r o d i s t r i b u t i o n  c o r r e s p o n d i n g  
to the apperance  of m a c r o d i s t r i b u t i o n s  with long 
" ta i l s . "  

The effect of the c h a r a c t e r i s t i c s  of the p a r a m e t r i c  
d i s t r i b u t i o n  on the shape of the m a c r o d i s t r i b u t i o n  can 
eas i ly  be followed with r e f e r e n c e  to the example  of a 
bimodaI  d i s t r i bu t ion  

q0 (s) = a5 ( s -  sl) + (i - -  a) 6 ( s -  s2)= 

= a5 (s  - -  so - -  (1 - -  a ) A s )  + 

+ ( t - -  aS) ( s - -  s 0 -  aAs). (1.10) 

Here ,  As = s 2 - s 1 is the d i f fe rence  between the 
mean  r e s i d e n c e  t imes  s~ and s 2 for two groups  of cei ls ,  
a is the p robab i l i ty  of e n t e r i n g  ce i l s  of the f i r s t  group, 
and 5(s - s 2) is the Di rac  del ta  funct ion.  

F o r  d i s t r i b u t i o n  (1.10) we have 

v2 = As~a(l - -a) ,  % --- As3a(i --  a ) ( 2 a - -  i), 

7 = ~ (I - -  a) a, 

= (2a - l ) / f a  (i - a), ~ = So-~as. (1 .11)  

Since s~ mus t  be posi t ive,  fl-1 > 1 - a a lways .  The 
fo rmu la s  for the va r i ance  and the coeff ic ient  of skew- 
nes s  of the m a c r o d i s t r i b u t i o n  now take the fo rm 

• = nso ~ [i  + 2 ~ a  (i  - -  a)], 

Sk,~ -- V ;  [l + 2 ~  (t -- a)] ~h <1.12) 

A t/? << 1 the variance and the coefficient of skew- 

ness of the macrodistribution are almost the same as 
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i n  t h e  a n a l o g o u s  s y s t e m  of i d e n t i c a l  c e l l s .  W h e n  fi >> 

>> 1 the  c h a r a c t e r i s t i c s  of the  m a c r o d i s t r i b u t i o n  d e -  

p e n d  i m p o r t a n t l y  on t he  q u a n t i t y  a .  T h e  f o l l o w i n g  a p -  

p r o x i m a t e  f o r m u l a s  f o r  t h r e e  d i f f e r e n t  r e g i o n s  of 

v a r i a t i o n  of a c a n  b e  d e r i v e d  f r o m  (1.12) :  

•  / nso ~ = 2 ~  2 ( 1  - -  a )  ~ ~1 >~, 1 , 

Sk.  = 3 / 1 /~ ( t  - - a ) -  V ~ n  

w h e n  ~--2~ 1- -  a ~<~-~, (1 .13)  

x~n/nso ~ 1 ,  Sk n = , 3 ~  3 ( t - a ) / ] / n ~ /  

w h e n  ~ - 3 ~ l - - a ~ < ~ - ~ ,  (1 .14)  

x2,~/nso ~=1, S k ~ = 2 / V - n w h e n t - - a ~ < $  -a .  (1 .15)  

In the first region, in accordance with (1.13), the spread of the 
cell parameters leads to a considerable increase in the variance of  the 
macrodistribution as compared with a system of identical cells. In this 
case m ~ 13 and a normal distribution can be established only in a suf- 
ficiently long bed. In the second region, where formulas (1.14) apply, 
the variance of the macrodistribution is of the same order as the cor- 
responding quantity for a system of identical cells, but the skewness of 
the macrodistribution is considerable, so that m ~ $2 and the normal 
law is approached only very slowly. Finally, at an even smaller frac- 
tion of cells with large mean residence times, in accordance with 
(1.15), both the variance and the coefficient of skewness of the macro- 
distribution become the same as in a system of identical cells and the 
nonuniformity of the bed ceases to make itself felt. 

These results can be used to determine the characteristics of the 
macrodistribution from experimental observations of the residence time 
distribution function. However, in analyzing the experimental data 
the following question may arise: is the increase in the variance and 
skewness of the macrodistribution connected with the nonuniformity of 
the cells or the retention of neutral fluid in stagnant zones [3,4] ? 
The following criteria may be used to solve this problem. Firstly, the 
effect of stagnant zones is always to lead not only to an increase in 
variance but also to the appearance of asymmetrical (at moderate n) 
macrodistributions. At the same time, the spread of the cell parame- 
ters may cause an increase in the variance of the macrodistribution 
without leading to an appreciable deviation from the normal law. 
Secondly, the action of stagnant zones is closely linked with the nature 
of the flow and is manifested in liquids much more strongly than in 
gases [4]. However, if theskewness of the macrodistribution is caused 
by the skewness of the parametric distribution, this effect will be purely 
hydrodynamic and, other conditions being equal, should be the same 
for liquid and gas flows. 

2 .  T r a n s v e r s e  t r a n s p o r t .  W e  w i l l  c o n s i d e r  t he  p r o b -  
l e m  of t he  t r a n s v e r s e  t r a n s p o r t  of a f l u i d  c a u g h t  in  a 

c e r t a i n  c e l l  of t he  bed .  T h e  m a c r o d i s t r i b u t i o n  Fn(X, t) 

i s  n o w  u n d e r s t o o d  to r e p r e s e n t  the  p r o b a b i l i t y  of f i n d -  
i ng  a f l u id  p a r t i c I e  e n t e r i n g  a c e l l  w i t h  c o o r d i n a t e  x = 
= 0 in  t h e  h o r i z o n t a l  p l a n e  k = 0 a t  t i m e  t = 0 f r o m  
t h e  c e l l  w i t h  c o o r d i n a t e  x in  t he  p l a n e  k = n a t  t i m e  t. 

S i n c e  t he  h o r i z o n t a l  p l a n e s  a r e  i s o t r o p i c ,  i t  i s  s u f f i -  

c i e n t  to  f o l l o w  the  t r a n s v e r s e  m o t i o n  of the  p a r t i c l e  
a l o n g  one  c o o r d i n a t e  a x i s  x on ly .  A l l  t he  p r o p e r t i e s  of 
t h e  m a c r o d i s t r i b u t i o n  of i n t e r e s t  c a n  b e  found  f r o m  a n  
a n a l y s i s  of the  t w o - d i m e n s i o n a l  c h a r a c t e r i s t i c  f u n c t i o n  

G~(~,,p)= ~ e~X~dx~e-ptF~(x,t) dt. (2 .1)  

T h e  t w o - d i m e n s i o n a l  c h a r a c t e r i s t i c  f u n c t i o n  f o r  a 
t r a j e c t o r y  p a s s i n g  t h r o u g h  n c e l l s  of the  g r a n u l a r  bed  

w i l l  b e  the  p r o d u c t  of t he  t w o - d i m e n s i o n a l  c h a r a c t e r -  

i s t i c  f u n c t i o n s  of the  f o l l o w i n g  e l e m e n t a r y  e v e n t s :  a) r 

t r a n s i t i o n s  f r o m  a c e l l  of the  k - t h  h o r i z o n t a l  p l a n e  to 

a c e l l  of t he  (k + 1 ) - t h  p l a n e  (k = 0, 1 , .  � 9  n) w i t h  t r a n e  

v e r s e  d i s p l a c e m e n t  t h r o u g h  a d i s t a n c e  l k a t  a r a n d o m  

a n g l e  a to  t h e  x - a x i s ,  a n d  b) r e t e n t i o n  in t he  n - t h  c e l l .  

T h i s  i s  j u s t i f i e d  by  the  f a c t  t h a t  a l l  t h e  a b o v e - m e n -  

t i o n e d  e l e m e n t a r y  e v e n t s  a r e  m u t u a l l y  i n d e p e n d e n t .  

T h e  r e s i d e n c e  t i m e  in  a n  i n d i v i d u a l  ce l l ,  w h i c h  i s  

e q u a l  to  the  i n t e r v a l  b e t w e e n  two  s u c c e s s i v e  t r a n s i -  

t i o n s ,  a n d  t he  d i r e c t i o n  of  t r a n s v e r s e  d i s p l a c e m e n t  a r  

a l s o  o b v i o u s l y  i n d e p e n d e n t  a n d  t h e r e f o r e  t h e  t w o - d i m e  

s i o n a l  c h a r a c t e r i s t i c  f u n c t i o n  of e a c h  of e v e n t s  (a) veil: 

b e  a p r o d u c t  of o n e - d i m e n s i o n a l  f u n c t i o n s .  

A s s u m i n g  t h a t  t he  a n g l e  f o r m e d  by t he  d i r e c t i o n  of 

t r a n s v e r s e  d i s p l a c e m e n t  and  the  x - a x i s  i s  u n i f o r m l y  

d i s t r i b u t e d  on the  i n t e r v a l  (0, 7r), we  f i nd  t h a t  the  p r o b -  
a b i l i t y  of  d i s p l a c e m e n t  a l o n g  t he  x - a x i s  t h r o u g h  t he  

d i s t a n c e  f r o m  x to x + dx  in  t he  c o u r s e  of a s i n g l e  

t r a n s i t i o n  w i t h  s t e p  l k i s  d e t e r m i n e d  by  

d x / n W l ~ - - x  2, - - l ~ x ~ l k .  (2 .2)  

H e n c e  we f ind  the  c o o r d i n a t e  c h a r a c t e r i s t i c  f u n c -  

t i on  of t he  e v e n t  (a) 

l eiXXdx -- Jo (~l~), (2.3) 
-~ -  F @  - x~ 

-- l  k 

w h e r e  J0 i s  a B e s s e l  f u n c t i o n  of z e r o  o r d e r .  
T h e  c o r r e s p o n d i n g  t i m e  c h a r a c t e r i s t i c  f u n c t i o n  

c o i n c i d e s  w i t h  t h e  c h a r a c t e r i s t i c  f u n c t i o n  of t he  m i c r c  

d i s t r i b u t i o n  g(Pl Sk).  T h e  c h a r a c t e r i s t i c  f u n c t i o n  of 
e v e n t  (b) h a s  on ly  a t i m e  f a c t o r  and  i s  e q u a l  to (1 - 

- g ) / p .  

W e  w i l l  c o n s i d e r  a f i xed  t r a j e c t o r y  p a s s i n g  t h r o u g h  

c e i l s  w i t h  v a l u e s  s k of the  p a r a m e t e r  v e c t o r  and  unde]  

g o i n g  a t r a n s v e r s e  d i s p l a c e m e n t  t h r o u g h  t he  d i s t a n c e  

l k a t  e a c h  t r a n s i t i o n .  In  v i e w  of w h a t  w a s  s a i d  a b o v e ,  
f o r  t h i s  t r a j e c t o r y  t he  t w o - d i m e n s i o n a l  c h a r a c t e r i s t i c  

f u n c t i o n  i s  g i v e n  b y  

V~ (~ ,  p I So, s l  . . . . .  s~) = 

n--1  

=___t [ t _ g ( p i s ~ )  ] I1  g(plsk)J~ (2 .4)  
P 

h=O 

In  o r d e r  to f ind  t he  t w o - d i m e n s i o n a l  c h a r a c t e r i s t i c  
f u n c t i o n  of the  m a c r o d i s t r i b u t i o n  a v e r a g e d  o v e r  t he  
e n s e m b l e  of r e a l i z a t i o n s  of the  g r a n u l a r  b e d  i t  i s  n e c -  
e s s a r y  to c a r r y  out  s u m m a t i o n  o v e r  a l l  p o s s i b l e  t r a -  

j e c t o r i e s .  U s i n g ,  a s  in  w t he  a s s u m p t i o n  c o n c e r n i n g  

t he  h o m o g e n e i t y  of t he  bed ,  w h i c h  l e a d s  to the  m u t u a l  
i n d e p e n d e n c e  of t he  p a r a m e t e r s  s k a n d  l k in s u c c e s -  
s i v e l y  o c c u p i e d  c e l l s ,  we h a v e  

<G,~(~,, p)> = p - r  [ t  - -  < g ( p l s ) > l  <g(p[s)Jo(kl)> ~ , (2.5)  

w h e r e ,  a s  b e f o r e ,  the  c o r n e r  b r a c k e t s  d e n o t e  a v e r a g -  
i ng  w i t h  r e s p e c t  to  t he  p a r a m e t r i c  d i s t r i b u t i o n ,  s o  tha  

<a(p,E[s , l )>=la(p,~[s , l )e?(s , l )dsdl .  (2.6)  
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H e r e ,  t h e  i n t e g r a t i o n  i s  p e r f o r m e d  o v e r  the  e n t i r e  r e -  

g i o n  of v a r i a t i o n  of the  v a l u e  of  t he  p a r a m e t e r s  s a d d  l .  

In  i n v e s t i g a t i n g  the  p r o c e s s  of t r a n s v e r s e  t r a n s p o r t  

we w i l l  c o n s i d e r ,  a s  in  [5], t he  p r o b a b i l i t y  of d e t e c t i n g  

a p a r t i c l e  a t  a g i v e n  t i m e  in  a c e l l  w i t h  a g i v e n  t r a n s -  

v e r s e  c o o r d i n a t e  i r r e s p e c t i v e  of i t s  p o s i t i o n  a l o n g  t he  

l o n g i t u d i n a l  a x i s .  I n  o r d e r  to  f i nd  t h e  c o r r e s p o n d i n g  

t w o - d i m e n s  i ona l  t r a n s v e r s e  m a c r  o d i s t r i b u t i o n  f u n c t i o n ,  

i t  i s  n e c e s s a r y  to s u m  (2.5)  w i t h  r e s p e c t  to n: 

oo 

<G (~, p)> = ~ <G~ (~, p)> = 

1 1 -- <g (p [ s)> 
p t -- <g (p [ s) J0 (~0> 

(2 .7)  

D i f f e r e n t i a t i n g  (2 .7) ,  we e a s i l y  f i nd  t he  L a p l a c e  
t r a n s f o r m s  of t h e  m o m e n t s  of t he  t r a n s v e r s e  m a c r o -  

d i s t r i b u t i o n  

[" ] ~tj (p) = / - ~  --0~7 <G (~, p)> . (2 .8)  
k = 0  

B e c a u s e  of s y m m e t r y  on ly  t he  e v e n  m o m e n t s  a r e  

n o n z e r o .  I n  p a r t i c u l a r ,  f o r  t h e  v a r i a n c e  of t he  t r a n s -  

v e r s e  m a c r o d i s t r i b u t i o n  we h a v e  

</~g (p [ s)> (2 .9)  
tt~ (P) = 2p(t - -  <g(p I s)>) " 

I f  we a s s u m e  t h a t  the  p a r a m e t e r s  of the  m i c r o d i s -  

t r i b u t i o n  a r e  f i x e d  a n d  s e t  1 = (2)1/2,  t h i s  f o r m u l a  w i l l  

c o i n c i d e  w i t h  t he  c o r r e s p o n d i n g  e x p r e s s i o n  of [5].  A s 

s h o w n  in  [5], f u n c t i o n  (2 .9)  d o e s  n o t  h a v e  s i n g u l a r -  
i t i e s  in  t he  r i g h t  h a l f - p l a n e  o r  on  t he  i m a g i n a r y  a x i s ,  

bu t  a t  t he  p o i n t  p = 0 i t  h a s  a s e c o n d - o r d e r  p o l e .  C o n -  

s e q u e n t l y ,  t he  a s y m p t o t i c  e x p r e s s i o n  f o r  t h e  v a r i a n c e  
~2(t) h a s  t h e  f o r m  

~ t 2 ( t ) = R e s F  e p'<12g(pls)> ] _ 
1_2p (1 -- <g (p [ s)>) Jp=0 

_ <l~> t </2> <a2> <Z2~> (2.10) 
---2-<q~> + 2 2<~>~ 2<~,>'  

w h e r e  ~ j a r e  t h e  m o m e n t s  of t h e  m i c r o d i s t r i b u t i o n  

d e t e r m i n e d  in  a c c o r d a n c e  w i t h  ( 1 . 5 ) .  
The asymptotic expression for the fourth moment of the transverse 

macrodistribution is similarly determined. In this case, as in [5], it 
is found that the coefficient of excess of the transverse distribution 
tends to zero as t --~ ~ .  Thus, at sufficiently large times there is 
established a normal distribution with variance t <l 2 >/2s 0 that does 
not depend either on the shape of the microdistribution or on the shape 

of the parametric distribution and is determined only by the mean- 

square transverse displacement in each transition (i. e., by the mean 

packing structure of the bed) and by the mean value over the bed of 

the mean residence time in the cell s o . The shape of tile parametric 
distribution may affect the time required to establish a normal law. 

The macrodistribution function in the steady state .( Fn(X ) > can 
be obtained from the function < Fn(X, t) > by integrating it with re- 
spect to t from 0 to 0% The corresponding characteristic function 
< Gn(k ) > is obtainable directly from (2.5) by setting p = 0, 

<G n ()~)> = So -I <an (0,)~)> = <J0 ()./)>n. (2.11) 

It is clear from (2.11) that in the steady state the form of the micro- 
distribution function and hence the spread of its parameters is unim- 
portant. From (2.11) it is easy to find the variance, the fourth moment 
and the coefficient of excess of the stationary macrodistribution 

~L2~ = i/~ ,~ </~>, ~,in : 3/s n </~> + ~I~ n (n -- i) <s 

Ex,~= , - 3  = ~ \ < ~ - 2 )  = 

3 =~(z+t ) :  (~=<z~-<z'> 3), (2.12) 

where X is the kurtosis of the distribution of step length i .  Obviously, 
when <l > ~ </2> ~ at moderate distances from the point of admis- 
sion of the fluid a normal distribution with variance proportional to n 
and < lZ:> is always established. Only at a considerable kurtosis of the 
step-length distribution (which is physically improbable) will a normal 
distribution be established at great distances from the point of admis- 
sion. 

The authors thank V. G. Levich for his interest and helpful advice. 
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